
Lecture 9 . Introduction to ttgmlx.pl .

• Def of dtgn (X. p )

• Boundary strata Def lobs

• Examples : X = Ipt
.
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.

Defn of the moduli space of stable maps .

X =

nonsingular , projective variety I ¢ .

B E Hz (X.Z) ← singular homology .

ttgin ( X.PICK ) ={f : Ccp. . - pm)→x /
(Cpi - - Pn) : connected nage

Tai *cars /
• Stability condition ! AntCftc AutK -pi - - Pu) s-t

CC
. pi ) -t X

g. Is" F
(C

. pi)
f

EI f :P
'
- P

"

which is not const . ⇒ FST has only
finitely may automorphisms .
→ (Cp .

- - Pu ) can contain unstable components .

ThinCkontsevioh) ttgmlx.pl is a proper Deligne -Mumford
stack I Q .



A Canonical maps .
There are canonical maps associated to ttg.nlXp ) :

Mgm -

- moduli space of nodal curves of genus g ,
n markings

(no stability ) ← locally finite type algebraic stack

C Feig.me/x.p,
←
universal curve

Tl f evi 3) = f-Cpi )
[f) E lt-gen(X . B) X Pdfs ) = Cape - - -pm)

f p l E isn

Mgm

Mgm (X.p) cttgn(X-B) is the locus where C is smooth .



When 2g -2 th 20 , we know :

Agin : smooth ,
irreducible

, DM stack of dim
= 3g -3th

U

Mgm ← nonempty open substack
.

Unlike Agin , M-g.nlX-p) can be as complicated as possible !
a) can be empty
b) can be disconnected

4 can have many Toned components w/ different dim

d) can have arbitrarily worse singularity .
(due to Vakil )

Example a) X -

- elliptic curve ⇒ tho
,n
(X.B) = 0 if p to .

199) X c P
"

general deg 5 hypersurface
⇒ 7- finitely may 12875) lines c X
⇒ Ito

. o (X. 11 is a disjoint union of finitely many pts .

Despite all those difficulties
, we can understand meaningful

geometry of ttgncxp) !
C
'

ga - )



§2
. Boundary strata

Recalls : We described the boundary of ttgm in terms of
stable graphs
→ play similar games with decorated stable graphs .

⇐ s
:c
.

→ x :: It
.

→ p =
•#•
9=0

, p , 9=1 Be

• Gluing homomorphism .

Bp :MTCX) - ttgm(X-B) .

Ee Let's try :

M-o.nlx. B) x MT . . ( xp.) NT!x. p)
The image of two legs should map to the same point !

Sp MICH- M-mcx.pe)
T/ t term

Agn (Kp) it . .. (x.B. I X
.

Sr is a finite morphism .

.

We will seethat the image
of Sp is not an actual divisor of ttg.cn (X- p) !



⇒ Deformation & Obstruction
.

↳ we will study this carefully later !

Suppose we want to vary f
: C→ X in a family .

191 deform C → dim = 3g-3 th

(997 fix C &
many f .

"

IM
→ locally imbed into Hieb ( CxX)

.

- c

[ft sa C← CxX by graph. off -

Def Cfl = Ho ( C . Ncic xx ) -

- Ho ( C.f*TX)

Ohs CH -

- H
' CC

, Ncicxx ) -
- HTC

,
f*TX )

.

vdimtfy : = X (C . f-*TX ) t 3g - 3 t n
= G -g) (dimX -3) t fp a Cf#TX) th
T

R
.
Roch

9hdependent of Cf] i.

Fact vdim E dimension of each imed component of M-g.nlXp).



$3
. Examples .

: X =p
'

p = d[ IP
'

] Eth CP
'

.E)
,
dzo

. Ttp
't
E OlpeH

.

(A) d- O
. 2g-2 th 70

Cfs should be constant ⇒ ttg.nl/P7o)EMg.n'P1
.

✓dim = (t-g) ( t -3) t n = 2g -2 th E dim = 3g -3 th

Thifference -

-

g .

We will see the meaning of the difference later !

(B) d -- I
. 931

Mg ( IP ? 1) = & because there is no degree 1 map
C -s p

't

.
g (C) 71 .

→ So we have to break the domain curve C

f) contracted .

The e. ,
contracted pp

n p
a

=) tip UP? 1) are not actual boundaries
(codim = I )



D= I
. g
-

- 1
.

=) the .o CPH ) E Ntpc P1 ) where

D= •-• ↳
g=o .d-- I g -- 1.D= O f d

- Ipt

checky Let C -- rate nodal curve .
Then It c→ Ipt of deg =L

Last time : tto.oclpt.tl --pt
.

Ito
.. ftp.t) ¥1101 .

ttp = tho
.. (IP

'
-
1) xp. tte .

. ftp.o)

= NT.., xp
'

.

it... xp
'
- star x IP't = it, .nl/p?o)

T

L f pre
M-o.IR

'

. e) = IP
'

Ipt

⇒ vdim = 2 = dim MT ( IP? 1)
.



(C) d-- 2 . g -- 1 .

MT (plz)

✓dim = ( 1-9) (dim X -3) t z d +n = 'O t 2.2 to = 4
.

There are at most 3 irreducible components
(9) Tema

"

: closure of Mao ( IP? 2) CNT (P' ?)
.

(991 Ttp
.
ftp.CIPY : P. = •-•

9=1 g-
-

o

d-_o D= 2

(999) MT;= ftp.CIP
'

) : th =
.-•-.

9=0 g= y 9=0

D= I d=o d --I

y
smooth elliptic curve

(7) is the most interesting part . Let tf : C
→ Ipt

By Riemann -Hurwitz
,

b.rCf) = deg (Kc) - 2deg (Kps) = 0 -2C-21=4
.

We have a map

b. r : Mr CIP? 2)- Sym
"( Ipt ) E 1134

.

ASIDE_ ( stack structure ) cc P2
,
C -- VCG )

. where

G = y
'
- X

3
-ax

2
- bx -c

.

f : C- IP
't

ca -y) → x



7- TE Aut CC)
. Tcxiy) =@ .

-

y) .

C E- C F) AutCf) is nontrivial

f) paff for all I C- Me (IP?2)

In the closure of Meo CIP
'

.
2)

,
we might hare

following configurations
A

rational
' l tf I

elliptic
-

curve
12 : " fan. I

* a- →

It is not so obvious when CTI ENT
main

.

Thin (Vakil) Let g=1 .

Then [FI ENT
math

tf and only if

(9) f contracts no 9=9 curve OR

(99) let E- = maximal connected 9=1 contracted by f &

E meets C' : = GET out points pi - - -

pm . Then

{df (Tp.ci ) ,

- - -,dfCTpmC
'
) }

is a linearly dependent set of Tfc⇒Pt .



Let's go back to our case :

ttp, = to
.
. ( IP? 2) ¥. MT. ( P

'

.

o )

= it.
.
. CP? s) x Thi

we saw tooCpt .2) E IP
'

(as a coarse moduli space )
⇒ dim tho

.
. (P1 - 2) =3

.

& dim NTR = 4 ← dimensionof
"

boundary
" does not drop !

* General point of trig :

¥
.

EE
, Hon

.

12 : a t dfl
.

-

- o

# →

Not inside N'
math

Inside NT
main

.



NTR = tho .
. CIP? 1) Ez M-e.ae (P1

.
o) ¥ ,

NT
. . .
( IP? 1)

= pit xMT

dim tttiz =3
.

General points in NTR

1-
I

⇒ ⇒
. T

→ 1-

tf tf
t -

⇒ NTP
,
c µ-

math

⇒ Picture for ttaocpt -2)

/

"

Meo( IP?4
-

µ-
main



( D) D= 2
. 9=2

* Let's start from Mao (P
'

-
2)

.

f :c Ipt

By Riemann -Hurwitz ,

for Cfl = deg(Kc) -2 deg ( type )
= 2 - 2C-2) = 6

.

⇒ Mz,o(P1 . 6 ) -i PG
.

I dim it
main

= f

vdim = (t -g ) (dimX -3 ) t 2nd th = - I C- 2) t z - z = 6

* Consider a graph

P = •-•

9=0 ,d=2 g=2.d=o

⇒ MIC Ipt ) = M-o.nl/P?2) Ea th .
.
( IP:o)

dim MT (Pt ) = 2-11 + 3+1+1 - a =⑦
dimension of the

"

boundary stratum
"

jumps !

So irreducible components of tiger(X. B) can have

different dimensions


